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ANALYTIC CAPACITY AND APPROXIMATION PROBLEMS(1!)
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A. M. DAVIE

ABSTRACT. We consider some problems concerning analytic capacity as a
set function, which are relevant to approximation problems for analytic functions
on plane sets. In particular we consider the question of semiadditivity of capac-
ity. We obtain positive results in some special cases and give applications to
approximation theory. In general we establish some equivalences among various
versions of the semiadditivity question and certain questions in approximation
theory.

Introduction. Recently Vituskin [14] has developed a technique for tackling
problems of (qualitative) rational approximation on compact plane sets using
the concept of analytic capacity. Essentially this reduces problems in rational
approximation to problems on analytic capacity, and therefore it becomes impor-
tant to study the properties of analytic capacity as a set function. The purpose
of this paper is to study analytic capacity in this light; in particular we concen-
trate on the problem of semiadditivity, a solution of which would have consider-
able significance for approximation theory. We do not come near to finding a
solution but we obtain some partial results and several equivalent versions of
the general problems.

In the first two sections we set up Vituskin’s approximation scheme, as
amended by Gamelin and Garnett [8] to treat pointwise bounded as well as uni-
form approximation. In $3 we develop a modified approximation scheme which
is required later. §4 considers “‘negligible’’ sets—sets which in a certain
sense can be neglected as far as approximation theory is concerned. A major
problem is to determine which sets are negligible. In §5 we establish the
equivalence of several versions of semiadditivity for the analytic capacity y,
and in $$6 and 7 we treat some important special cases with applications to
bounded approximation and Dirichlet algebras. In $8 we establish the equiva-
lence of the semiadditivity of the continuous analytic capacity a with a certain
conjecture on uniform approximation, and prove this conjecture in a special
case. Finally in $9 we consider approximation of functions satisfying Lipschitz
and related conditions.
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Notation. If K is a compact plane set then C(K) denotes the algebra of all
continuous complex-valued functions on K, A(K) denotes the subalgebra of all
functions in C(K) which are analytic on the interior K° of K, and R(K) denotes
all functions on K which are uniform limits on K of rational functions with poles
outside K.

If U is an-open subset of the extended plane $% we denote by A(U) the
algebra of all continuous functions on its closure U which are analytic on U, and
by H®(U) the algebra of all bounded analytic functions on U. If V is a subset
of the boundary dU of U then H7(U) denotes all bounded continuous functions
on U U V which are analytic on U.

The symbol ||f| always means the supremum of |f| over the domain of
definition of f.

1. Definitions and basic properties of analytic capacity. For detailed
accounts see [14], [17], and Chapter 8 of [7].

Let S CC. We define the analytic capacity () of § by ¥(S)=
sup {|f'(=)|: f € B(S, 1)} where B(S, M) = {f: f is a bounded analytic function
on S\ K where K is a compact subset of S, ||f|| < M, f(e) = O}.

Here f'(x) is the coefficient a; in the Laurent expansion f(z) = alz'1
+ azz’2 4o

The continuous analytic capacity a(S) is defined by a(s) =
sup {|/'(0)|: [ € C(S, 1)}, where C(S, M) ={f: [ is continuous on §?, analytic
outside a compact subset of S, ||f|| <M, f() =0}

We list some of the basic properties below.

a($) < y(S) < diam (S) for any set S.

y(K) > % diam (K) if K is compact and connected.

a(U) = y(U) if U is open.

y(K) = inf {y(U): U open, K C U} if K is compact.

See [7, Chapter 8, §$1, 2, 31.

We define y*(S) = inf {y(U): U open, UDS}. Then y(K) = y*(K) for com-
pact K. It is not clear whether this extends, say, to borel sets. We shall
prove in §5 that if S is locally compact then y*(8) < CY(S) where C is an
absolute constant.

We shall be concerned mainly with the following conjecture of Vituskin:

Conjecture. There exists an absolute constant M such that
VS, U §) CMOAS ) + ¢(5,)),  alS; U §,) C Mals)) +als,)),

for reasonable sets Sl and Sz'
It is not clear what ‘‘reasonable’’ should mean here; we shall be mainly
concerned with the case where §, is compact (of course one may always assume

§, U S, is compact).
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2. The Ty operator and the approximation scheme. Here we outline Vituskin's
construction, following Chapter 8 of [7]. If { is a bounded borel function on C,

and ¢ is a continuously differentiable function with compact support, we define

TN =+ [ L2 2 ane)

where m is plane Lebesgue measure.

Then (see [7, Chapter 8, Lemma 7.1]) T¢/ is a bounded borel function on C,
analytic outside supp ¢, analytic on any open set where f is, continuous at any
point where /[ is, and vanishes at ~. Moreover, f— T¢/' is analytic on any open
set where ¢ = 1. If { is analytic on a neighborhood of supp ¢ then T,f=0. If
f is analytic outside a compact set K and zero at e, and ¢ =1 on a neighborhood
of K, then Tyf=/.

Finally, we have the following estimate for T¢f=

1T/l <2 diam (supp @) |96/ 9%z ]| sup /(=) - fQ)): z, { € supp ¢}.

Now fix 8 >0, let {z,} be an enumeration of the points of C of the form
(m8/2, n6/2) where m and n are integers. Let Ak = A(zk, ), the open disc of
center z, and radius 0. Let {q’)k} be a continuously differentiable partition of 1
subordinate to {Ak}; 1.e.0< ¢k <1, zk qSk(z) =1 forall z € C, each ¢'k is con-
tinuously differentiable with support in Ak. We can choose {¢'k} so that
llgrad ¢, || < A,/8 where A, is an absolute constant.

Let / be a bounded borel function on C, analytic off a compact set. Let
fo= T¢k/. Then f, =0 for all but finitely many k, and f= () + Ek fk' )

Moreover, f, is analytic on any open set where [ is, and also outside
supp ¢, , and f, is continuous where /[ is. Finally, 7.l < A llf | where A, is
an absolute constant.

We now give a general lemma which relates approximation questionsbto
analytic capacity. Let A, denote the algebra of all bounded borel functions on
C which are analytic outside some compact set. Let A be a subalgebra of A.
For any set $ CC we define

¥a(8) = supi|f'(=)|: [ €A, and is analytic outside a compact subset of S,
with [|/]| <11

We say a subalgebra A of A, is T¢-inuariant if whenever f € A and ¢ is
a continuously differentiable function with compact support then T¢f €A. Ob-
serve that the properties of the T 4 operator ensure that any algebra whose
definition merely specifies analyticity or continuity of its members at certain

points is automatically T¢-invariant.
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Now suppose A is a Ty-invariant subalgebra of Ay.

Then if € A and ¢ is C' with support in a disc A = A(z, ), we have

-17;f(_9¢>(§)/(C)dm(é)‘=|(T¢/)'(oo)|
< My, (8)3]16¢|| sup {]/(z)) - [(2))]: 2y, 7, € AL,

Conversely, we have

Lemma 2.1. Let { € Ay and suppose there exist m, r, 8, >0 such that
whenever z € C,0<8< 8, and ¢ is C! with support in A = Az, 8), we have

.; J 3@ an@)

Then we can find a sequence {gn} in A with Ignn < A(m, D|f|| such that

< my4(Az, )8 |0 sup iIf(z)) - [(z,)|: z,, z, € Al

8, —/ uniformly on any compact set where [ is continuous.

Before proving this we make some remarks on the second Laurent coefficient.

If feA, and z € C we have the Laurent expansion
4 43
f(2) = f(e) + + s+ (|z| large).

Z—Zo (ZYZO)

Then a; = /() and we define B({, zo) = a,. Observe that if a; =0 then a, is
independent of z; in this case we may write B(f). If geA, and f€ T¢g then

1 [ 9
/3(/’ Zo) =z a-? f(C)(é'— zo) dm({).

Proof of Lemma 2.1. We may assume 7> 3. Fix & >0 and construct the
approximation scheme {A,}, {¢,} for this 8. We consider only those k for which
fi = Tg, [ does not vanish identically (there are only finitely many); we have
f=f(e)+ 3, [,

We use C,, C,, .. to denote constants depending only on m and r. We
claim that for each & we can fing g, € A, with the same first two Laurent coef-
ficients as f,, analytic outside A, = Alz,, ), with ||g,|| < C,p where p =
Sup, | i /o) 1))

To do th1s we fix & and put y = min (5, y4 (A)) Construct the approx1manon
scheme {A } {¢> } corresponding to y; we consider only those 7 for which A

meets A Put l/l = ¢F . $, and o T¢,/ so that ¢, =2 ‘/’* and f, =% /

Let Ar be the disc with the same center as A and radius ry.
We have |/*'(°°)| < CzpyA(A*) by hypothe51s so that we can find g_ € 4,

analytic outside A with g(w)_o g'(w) f*'(oo) and Hg | < C,p. Put gk =
2 g, We observe that the proof of VituSkin’s lemma [7, Chapter 8, Theorem 2.7]

ce

works equally well with y, in place of y, if one interprets admissible function

for E’’ as “‘function in A, bounded by 1, zero at infinity, analytic outside E’’.
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~ ~
Applying it to the subsets A:‘ of A, we have ||g: I < C;p. Also we observe

* . .
gkl(oo) = f,;(oo). We wish to modify g: so that the second coefficients are
matched as well.

Observing that (g, - /:‘) '(00) = 0, we have

18U, ~ el < SIBUT - )l < DT IBY T =D + B, =)

Now

BUE =D < 1| [ 99,000 =m0 < Cypy, D),

and a similar estimate holds for g since g = T@ 8, Where 09 has support in
A( , 2ry) and is 1 in A . Hence

~x
B, - gl < Capy 207aA)
r
<Cspy 2 by Vituskin’s lemma again.
Choose b € A, analytic outside A,, with b () = y and ||b]| < 2. Put

g, =&+ By —80)(b/y)>.

Then g, clearly has the asserted properties.
Finally we put g=2, g, + /() € A. Then for z € C,

I/ (2) - gl2)] < D_If,(2) - g, (2|
k

383
SCF | sy ) -/ w1 s )

First, this shows that |lg|| < A(m, r)||f||. Second, if { is continuous at each
point of the compact set K, and ¢> 0 is given, we can find a neighborhood U of
K at each point of which the oscillation of [ is less than €. Choosing 8 small
enough we make the contribution to the above sum from those A, contained in U
less than eA(m, 7), and that for the other discs less than € for z € K. Hence if
we take a sequence Bn — 0 the corresponding sequence of g’s proves the theo-
rem.

Notes. (1) If U is an open set and [ is locally in A on U, in the sense that

¢/ € A whenever supp ¢ C U, then we can take g, =/, whenever A, CU
Then we obtain uniform convergence on compact subsets of U. If moreover, [ is
continuous at each point of c\ U, then we obtain uniform convergence on C.

(2) It is not hard to show that we can always ensure convergence almost

everywhere (Lebesgue measure) but we shall not use this fact.

Lemma 2.1 has the following immediate consequence:
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Corollary 2.2. Suppose A| and A, are T 4-stable subalgebras of A and
suppose that there exist m, r, 8y >0 such that y, l(A(z, 8) < my, Z(A(z, r8))
forall z € C and 0<8<8,. Let feA,.

Then we can find {f } in A, with |f | < A(m, 1) ||f||, such that f,— 1
uniformly on any compact set where [ is continuous. Moreover, if U is any open
set where locally A C A, (in the sense that T¢g €A, whenever g € A, and

supp ¢ C U) the convergence is uniform on compact subsets of U.

This gives us a general condition for approximation in terms of analytic
capacity. In practice, however, it is usually easier to verify the capacity condi-
tions if we allow m, r and 80 to vary with z. We next show that in certain cases

this weaker condition is sufficient.

Theorem 2.3. Let A} and A, be T y-invariant subalgebras of A, and sup-
pose all functions in A are continuous on C. Suppose that for all z € C we
can find m, r, 8, > 0 with y, l(A(z. MN< myAZ(A(z. r8)) forall z € C and 0<
8<8,. Let feA,. Then | is inthe uniform closure of A,.

Proof. We first prove a lemma:

Lemma. Let z, € C, 8, >0 and suppose that there exist m, 1, 8,> 0 such
that for all z € A(z,, 231), 0<38<9),v,4 1(A(z, N < myy 2(A(z, rd)). Then
Ya 1(A(zl. )RS yAz(A(zl, 380

Proof. Let

Xl ={f € A: [ is analytic outside A(z, )},
X-z ={f€A,: [ is analytic outside A(z,, 38 )}.
Then for z € C, 0 <8 <min(8,, 3,), we have

yxl(A(z. &) <m y2,2 (A(z, r8)).

~ ~
Thus by Corollary 2.2, A, is uniformly dense in A, which implies the lemma.
We can now prove the theorem. Assuming the conclusion is false, by
Corollary 2.2 we can find z, € C and §, <4 such that

Ya 1(A(zl, 8 >y, 2(A(zl, 35,)).

Using the lemma we can construct inductively sequences {zn} in C, {3n§ >0
with §_<27" 2, € Az, 25),0,4 < %9, and

Ya 1(A(z", 8,) > ny, 2(A(zn, 3n3 ).

Then |z, —2,,,| <25, so z, —z€ C with |z -z, |<45,. Thus
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Ya l(A(z, 58, ) > va 1(A(zn, 3.))

>ny, 2(A(zn, 3n5n)) >ny, 2(A(z, (3n - 4)8n)) for all =,

which contradicts the hypothesis of the theorem.

The only place in the above proof where Nthe continuity of the functions in A,
was used was to show in the lemma that A, is uniformly dense in A, so
that Ya, (A(zl, 0 )) < Ya, (A(zl, 38, )). It would suffice to know that for
/€A we can fmd {/,} in A, with ”/ | </l and f (00) = /'(e). For certain
A, we can do this without the continuity assumption on A;. Let U be an open
subset of S? containing = and let A(U) denote the algebra of continuous func-
tions on S2 which are analytic on U. The proof of the following lemma is a
simplified version of that in [1].

Lemma 2.4. Let A be a T y-invariant subalgebra of A, and suppose there
exist m, 7, 8, >0 such that for all z € C,0<8 <8, y,(Alz, ) <
my 4y Bz, 78)). Let [ € A. Thenwe can find i}, f, € AW, I/ Il <II/1.

with f — f uniformly on compact subsets of U.

Proof. The hypotheses imply that the functions in A are analytic on U.
Hence by Corollary 2.2 we can find M >0 such that for each [ € A there is a
sequence {fn} with [ € AQ), | Il < M|f|. f, — [ uniformly on compact sub-
sets of U. We have to prove this with M = 1. Assume f € A with [f] =1.

By the Hahn-Banach theorem it suffices to show the following: let K be a
compact subset of U and p a complex borel measure-on K such that |[hdul <1
for all b € A(U) with ||| <1. Then |ffdu| <1. To prove this we extend the
functional b — [hdp on A(U) to a functional on C(s?) of norm <1, represent-
ed by a borel measure v, ||v| <1. Fix a positive integer k. We have sequences
{/n}, {gni in A(U), bounded by M, with f — [, g — /"’, uniformly on compact
subsets of U. Let F, G be weak* cluster points of {f } and lg,} respectively
in L®(|o|). Replacing f and g by convex combinations we may assume
f, »Fand g — Ga.e. (lo]). Let &, —/k-g € A(U) and H=F* -G in

°°(|a]) then b — O uniformly on compact subsets of U and b — Ha.e. (Jo))-

The measure r = Ho is supported on § 2\ U and for b € A(U) fhdr =
lim [bb_do = 0. Moreover, if € U\ {oo} then

s b (2)~ b ()
fd(g —tim [ L @) =0,

Zz -

since b () — 0. The linear span of A(U) and {1/({~-2): { € U\{e}} is dense
in C(S <U) by (1, Lemma 1.1], so =0 and so H =0 in L™(|o]).
Thus F* = G, so |F|l, = |GIX/* < M. So |ffdu| = lim |[/,dul =
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lim| [f dv|=|[Fadv| < |[F|lv] < MY® Since k is arbitrary the lemma is proved.
As a consequence of Lemma 2.4 and the preceding remarks, the proof of
Theorem 2.3 yields

Theorem 2.5. Suppose A, A(U) are as before and for each z € C there exist
m, 1, 85 >0 such that for 0 < 0<8,, we have

yA (A(Z} 3)) S myA(U)(A(Z’ 78))-
Then for any [ € A we can [ind a sequence {fnf in A(U) with “/n" <|f\| and

[ — [ uniformly on compact subsets of U.

3. A modified approximation scheme. The approximation scheme devised by
VituSkin and described in §2 uses coverings by discs of the same radius. For
some applications it is useful to have a version in which the discs are allowed to
have different radii; in this section we provide the details of the construction.

For technical reasons we work with squares instead of discs.

Proposition 3.1. Let V be an open subset of C and p a positive continuous
function on V. We can find a sequence {Q } 1 of open squares, Q_ having
center z, and side Br, whose closures lie in V, such that

(1 vs= U, Q,;

(2) no point of V lies in more than 4 squares Q_;

(3) the square with center z_ and side 3 /3 meets no Qg for s £r;

4) if z€Q, tben 8, < plz);

(5) there is a C* partztzon {$,} of 1 subordinate to {0} with ligrad ¢, I| <
100/6 ;

(6) forall z € C, % min(l, 33/|z z l ) < A (absolute constant).

Proof. For each positive integer k let 7, = supid(z, C\V): z €V, p(z) <
5.27%=2}, Then T
positive numbers such that p, —= 0, p, —pp4; >
Let V, =iz € V: dlz, c\v) > p,}. Then V is compactand z €V, = p(z) >

—k . s/4

For k=1,2, ... let {Qkp};":l be an enumeration of the open squares with

— 0 as k — o, so we can choose a sequence {pk} of

22"’°/2 and p, >7, for each k.

sides 27, parallel to the coordinate axes, and corners at the points whose
coordmates are both integral multiples of 27 k. Let Qkp be the square concen-
tric with Qk obtained by enlarging it by a factor of 5/4. The covering {Q }
will be a subset of {Qkp} defined as follows: let k; be the smallest k for
which V, is nonempty. We include all Qkop contamed in Vk . Inductwely,
for k> ko we include all Qkp such that Qk.p is contained in V but Qkp is
not contained in some square Q, , I <k, for which Q,  has already been in-

cluded. We renumber those Qkp selected in this way as {Qr}:":l. If Q= Qkp



1972] ANALYTIC CAPACITY AND APPROXIMATION PROBLEMS 417

put ar =§kp and 6 =5 . 2772,

Then it is clear that {Qr} satisfies properties (1)—(4). To prove (5) we
choose for each 7 a continuous differentiable function ¥ with support con-
tained in Q , satisfying 0 < ¥,<1,%¥ =1 ona neighborhood of @r, and
lgrad || < 11/6 . Let ¢ =37 | Y. and ¢ =4 /. We have || >1 on V,
and for z € Q,,

|grad ¥(z)| < Z |grad Y5 (2)| < 11° Z 3;1 <88/8,

z€Qg z€Qg

since at most four Q  contain z and for each of these §, > 3’ /2. Hence

lgrad ¢ (2)] < Y(z)~ ! |grad ¥ ()] + P(z)~? |grad ¥(z)| <99/8, .

It is clear that {¢ } is a partition of unity subordinate to {0 1.
To prove (6) we observe that as in the usual approximation scheme, for
each k and each z € C,

> min(1, 273*/|z = z, |*) < A} min (1, 2—’°/d <z ¥ Qkp>>
14 14

where the summation extends over those p for which Qkp is included above. If
z £V then dz, Up Qkp) 2Py > 22—k/2, so that

E min (1,33/|z—z"3)§A122k/2—2 <AL
r k

On the other hand, if z € V, then z € Vl\ V,_, for some [ and then

83 -2 ) _k
Zminl T }<34,+4A Z + Z ____3.____.__
ERETC d U, 04,
7 z -z k=ky k=12 Az, U, Oy,
1-2 hnd —k
k/2-2 2
<34, 44, 32 +4, 2 3R 5k <54,
k=k k=142 -

which completes the proof.

4. Negligible sets. Let E C S?. We say E is a-negligible if whenever
f € C(s?) is analytic on some open set U, we can find a sequence {f }, [ €
C(SZ), {, — [ uniformly on $2, such that each /, is analytic on some open set
containing U U E. Similarly we say E is y-negligible if for some constant
M >0, whenever [ is a bounded borel function on Sz, analytic on U, we can
find {/ }, /, a bounded borel function on S, with 7, < M7, /, — f point-
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wise on U, and j analytic on an open set containing U UE.

Vituskin’s arguments in [14, Chapter 5, §4], show that R(K) = A(K) provided
that for each z € (?K\ E, where E is an a-negligible set, there exist m, r, 80 >0
such that

a(A(z, S\NK) < ma(Alz, rON\K), 0<8<8,.

Vituskin shows that any Liapunov arc is a-negligible; moreover it is easily seen
that a countable union of a-negligible sets is a-negligible. Gamelin and Garnett
show in [9, Theorem 7.3], that a set of zero outer length on a Liapunov arc is
y-negligible; moreover, the ‘‘reduction of norm’’ theorem in [9, Theorem 6.7] shows
that a countable union of compact y-negligible sets is y-negligible. It is not
clear whether this remains true if compactness is dropped.

In this section we prove an analogue of Vituskin’s theorem for bounded
approximation. This is a slight extension of Theorem 8.6 of [9], but the proof is
quite different.

Then we turn to the question of determining which sets are negligible, and
relate this problem to the semiadditivity problem to be considered in the follow-
ing section. Finally we weaken the smoothness assumption in Vituskin’s result
on Liapunov arcs.

Let U be an open subset of Sz; we assume o € U. If V is a subset of dU
we denote by H((U) the set of bounded analytic functions on U which extend

continuously to U U V.

Theorem 4.1. Let U be as above. Let E,, E,, --. be y-negligible subsets
of C such that E.n E C E forall i, j. Let V be a relatively open subset of
dU and suppose tbat /or eacb z € 3U\(V U (U E, ) we can find m, r, 0,>0
with

(%) YAz, M\ V) < ma(Alz, r&\U), 0<8< 8y-
Then A(U) is pointwise boundedly dense in HS,(U).
Proof. First we prove a lemma:

Lemma. Let z, € C, 8, >0, let n be a positive integer, and suppose that
for each z € A(z,, 28 )\(V U (LJ"_l E )) we can find m, 7, 8, > 0 so that
¥, Az, SN\ UV) < ma(Az, rBNU), 0 <5 < 8-

Then yV(A(zl, 8 )\ U) < a(A(zl, 36 )\ U).

Proof of lemma. Let A, ={f € A;: [ is continuous on V, analytic in U and
outside A(z;, 8}, A, ={f € Ay: { is continuous on V, analytic in U and
U?_, E; and outside A(z,, 8)}. Let W=U u SZ\A(zl, 39).

If /€A, then by y-negligibility of the E we can find a bounded sequence
{/,}in A,, [ — [ pointwise on U. By Theorem 2.5 A(W) is pointwise boundedly



1972] ANALYTIC CAPACITY AND APPROXIMATION PROBLEMS 419

dense in A,, hence A(W) is pointwise boundedly dense in A, by Lemma 2.4.
This proves the lemma.

Proof of theorem. Assuming the conclusion is false, by Theorem 2.5 we can

find z, € C, §; <1, with

yoBlzg, 8N U) > alAlzg, 38,)\ V).
Using the lemma we construct inductively sequences {z_} in C, {8 }>0, with
2z, €A, 28),8, <5, dlz ,UT E)>45, and y,(Az,, 5 \U) >
na(Alz,, 3n5 )\ U).

As before z, — z which does not satisfy (x); moreover, |z - z | < 48n so
z KU?:I E,, which is a contradiction.

See §6 for an application of this result.

Next we consider the problem of determining when a set is negligible. It
follows from the definitions that if S is a-negligible then a(S U T) = a(T) for
all sets T. Conversely, if for every open set U C $? and z € C we can find
m, 1, 85 >0 with

a(A(z, S\ U) < ma(Alz, B\ (U U $))
then Theorem 2.3 ensures that S is a-negligible. In particular if a(S U T) <
Ma(T) for all sets T, where M is independent of T, then § is a-negligible.
Clearly if S is negligible then a(S) = 0; a semiadditivity theorem for a would
yield a converse, under appropriate conditions on S. More precisely, if we knew
that there existed a constant M such that

a(S o+ T) C M(a(S) + a(T))

whenever § satisfied a certain condition (of course one may assume S U T
compact) then any S satisfying that condition with a(S) = 0 is a-negligible.
In $8 we consider this problem for compact S.

A similar situation obtains for y-neglibility. A bounded plane set § is
y-negligible if and only if there exists M >0 so that y(§ U T) C My(T) for all
plane sets T. It is not clear whether M can always be taken to be 1 (this is so
when § is compact). Again if we have a semiadditivity theorem for y we can
deduce S is y-negligible if y(S)=0. This problem is considered for compact
S in §5.

We conclude this section by showing that certain sets lying on smooth arcs
are negligible. This sharpens results of Vituskin [14], and Gamelin and
Garnete [9].

Definition 4.2. We say that a uniformly continuous function defined on a
plane set is strongly continuous if its modulus of continuity w(t) satisfies
f(l)w(t)/t <o, We say that an arc or curve | is bhypo-Liapunov if it has a
tangent at each point and the direction of the tangent (regarded as a point on the

unit circle) is strongly continuous as a function on J. The proof of the next
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lemma is essentially due to VituSkin in [14, Chapter 1, $6, Theorem 1], with

some modifications.

Lemma 4.3. Let | be a simple closed curve bounding a domain D, and let ¢

map the unit disc A conformally onto D. Suppose ¢ satisfies
(i) ¢' extends continuously to A;

(ii) arggp’ has a strongly continuous branch on A;

(iii) Regp' >0 on A.

Then there exists M >0 such that if E is any compact subset of A, then

alE) < Ma(e(E)) and  y(E) < My(&(E)).

Proof. We give the proof for a, that for y being exactly analogous.

Choose [ continuous on C+, analytic off E, zero at infinity, with [f|| <1
and |f'()] >% a(E). Let g(z) = f(2) + f(Z=1) or #f(z) - [(z-1)), whichever
makes (1/27)| [ g(z)dz| > % a(E). Then g is analytic outside E U E¥,
real on T, and | g|| < 2 (where E* ={z: 7 ~! € E}). Let : D — A be inverse to
¢,and let h=got. Put

7;7—1; M) '(w) (w - )~ ! du, w € C\D,

F(w) =
?1_717‘!} )" (@) (w - w)-1du + bw)y'(w), w eD.

Then F extends analytically across T to give a continuous function on C,

analytic outside ¢(E). For z € A we have

_ g(z) 1 gl)
Fol) = S frqs(z)_qb(o a.

We estimate the second term on the nght, as follows:
SO —plz) (1,
e [od' €L+ =D,

and since
Hmlg'(«{ + (1 - 1)2)/¢"(2)]| < A 0(| - 2|),

where @ is the modulus of continuity of ¢’ on A and A, A,, .. denote con-

stants depending only on D and ¢, we have

HE) - plz) ' _
3(§-z)¢ U®) $ < Aw({-2), ¢ zeA.

For some 8§ >0,Red’' >8 on A, and so

(L) = pN/ (L =2)| >8 for ¢ z €A.

Hence
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] g(é)
Re;gb (Z)fl‘ md{i

1 (€ -2)p'(2) 1 (£ -2)p'(2) ‘
Re m m
P 7 Ity My ¢(¢>-¢(z>f"4

(lz-¢D gl - 2)p'(2)
<A, )2 d

f 8l | ¢ et + CGI‘ ?() - p(2)
Thus |Re{¢ ' (2)F(ep(2)}| < Ay, z€ A.

The range of arg¢ ' lies in an interval (- 7/2 + 0, 7/2 — 6) for some 0 > 0;

Re

fr &)

3

hence F(#(z)) must lie in the sector
{:m-0<arg ({+Ag)<m+ 0}

if A5 is positive and sufficiently large. Thus if A, is large enough, the func-
tion Gw) = 1/(146 + F(w)) will be bounded in modulus by 1 on D, and so also on
C since G(w) = AZ!. Finally

F (oo)_..— f] F(w)dw = 2—-— ( glz)dz

771'

so that |F'(e)| > % a(E) and G'(e) = - AG_ZF (), whence a(p(E)) >
Y% AZ%a(E).

We observe that the constant in the conclusion of Lemma 4.3 depends only
on the quantities ||¢'||, inf arg’, and f(l) (w(2)/t)dt where ® is the modulus of
continuity of arg¢’.

In order to make use of Lemma 4.3 we have to obtain criteria for the hypoth-
eses to hold. We obtain these by means of some classical results of Warschawski
and Courant on conformal mapping, which can be found in Chapter 9 of Tsuji [13].

First we note that if D is a domain bounded by a continuously differentiable
simple closed curve | and ¢ maps A conformally on D, then arg¢’ extends
continuously on A by Theorem IX.6 of [13], and moreover, by equation (2) in the
proof of that theorem, arg¢'(e??) is just the difference between the direction of
the tangent to J at $(e!f) and the tangent to T" ac '

We now consider a special class of domains defined as follows: if >0,

let P77 be the set of simple closed curves | of the form

] ={rei6: r= g(o)}
where g is a continuously differentiable function on [0, 27] with g(0) =1,
g=1 on [y, 27], and |g’| < 7.

Lemma 4.4. There exists ny > 0 such that if a curve | € Py, bounds a do-
main D and ¢ maps A conformally on D with ¢(0) =0, ¢'(0) > 0, then
latg’| <m/4 on A.
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Proof. If {7] } is a sequence tending to zero and ], € P"7 bounds the do-
main D_, and ¢ maps A conformally on D with b, (O) 0 and b, '(0) > 0, then
¢,(z) — z uniformly for z € A. It follows easdy from this and the description of
argd’ on I above that if 7, is chosen small enough then largp'| <7/4 on T,

. ’ . .
and hence on A since arg¢’ is harmonic on A,

Lemma 4.5. Let | be a hypo-Liapunov curve in P"’O’ bounding the domain D.
Let ¢ map A conformally on D with ¢(0) =0 and ¢'(0)>0.

Then ¢' extends continuously to A and does not vanish there, and
argp' is strongly continuous on A. Moreover there are upper bounds for |¢'|,
|¢' |~ and the integral [} (w(1)/t)dt where w is the modulus of continuity of

' . .
arg @, depending only on the quantity

x(])=f; E"J-(t-t)dt

where & is the modulus of continuity of the direction of the tangent to J.

Proof. We apply Theorem IX.9 of [13], observing that in our situation the
estimates in the proof of that theorem depend only on x (J). This yields the con-
tinuity of ¢' and the bounds for |¢’| and |¢'|~'. It follows that ¢ satisfies
a Lipschitz condition, which together with our description of arge’ yields the
desired estimate for the modulus of continuity of arg’ on I'. A simple esti-
mate with the Poisson kernel yields a similar estimate on all of A.

Combining Lemmas 4.3, 4.4 and 4.5 we obtain

Lemma 4.6. Let | be a bypo-Liapunov curve in P.,, , bounding D. Then
there is a constant M >0, depending only on x(]), such tbat if ¢ maps A con-
formally on D with ¢(0) =0 and ¢'(0)> 0, and E is any compact subset of A,
then

a(E) < Ma($(E)) and y(E) < My(s(E)).

Combining this with a theorem of Melnikov {12, Chapter 3, §1, Theorem 1] we

obtain

Corollary 4.7- Let | be a bypo-Lzapunov curve in P-,, , bounding D, let
E CD be compact, and let [ € c(D) be analytic on D\E. Tben

f] [(2)dz < Mya(E)|/]|

where M, depends only on x(]).
Proof. Let ¢ map A conformally on D with ¢(0) = 0, ¢‘(0) > 0. Then
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' f] [(2)dz

[ 1@ " wdw

<A A,alg ™ HED|IfIl < A4, Ma(E) | /]|
where A =sup|¢’|, and A, is the constant in Melnikov’s theorem.

Let  denote the set of all simple closed curves which can be mapped onto
hypo-Liapunov curves in P, by transformations of the form z — az + b, a, b €
C. For ] €Q define X(]) to be x(J,) where ], is the unique curve in P"o
onto which | can be so mapped. Then Corollary 4.7 clearly holds for | € Q.

We shall show later that it holds for all simple closed hypo-Liapunov curves, but
the above result suffices for our applications to negligibility, so we consider
these first. The methods come from [14] and [9].

Lemma 4.8. Let | € Q bound D, let E be a relatively closed subset of D,
and let { € C(D) be analytic on D\E. Then | [;{(z)dz| < M a(E)|f].

Proof. For & small enough, for each z € | we have YAlz, 8\D) > 6/4.

Hence by Corollary 2.2 we can approximate [ uniformly by functions in c(p)
analytic in D outside a compact subset of E. For these functions the required

estimate holds by Corollary 4.7, hence it holds also for f.

Lemma 4.9. Let ] € Q bound D. Let E be a compact subset of D. Let /
be a bounded borel function on D continuous on D\E and analytic on D\E.

Then |f; [(z)dz| <My (E)||f||. In particular (taking /=.l on E, 0 elsewhere)
if ECJ, KE)< M;y(E).

Proof. Fix ¢> 0 and let E_ = {z: d(z, €) <¢}. Choose g € C(D) with ||g| <
I/l +€e, g=f on D\E_, so that iy, gz)dz = f] f(2)dz. Then by Lemma 4.8

€?

‘ L g(z) dz

Since a(E,) — y(E) as ¢ — 0, the desired result follows.

< Mpa(E (/]| + €.

We are now in a position to prove the results on negligibility. First we ob-
serve that if | is a hypo-Liapunov arc, the direction of whose tangent oscillates
by less than 7, then we can find curves ], and ], in {, bounding disjoint
domains D, and D,, sothat J, N ], is anarc ], containing ], and the domain
D* bounded by [*= (Jyu J;) \ Jo contains any preassigned bounded set.

Theorem 4.10. Any bypo-Liapunov arc is a-negligible.

Proof. It suffices to prove it for arcs whose tangent oscillates by less than
7y, so let | be such an arc, fix R >0, and choose ], and ], as above so that
D* contains the disc A(0, R). Let E by any compact subset of A(0, R), and
let fe C(E, 1). Then
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27 |f ()] =

+

f,* [(z)dz

< J“ [(2) dz J-’z f(z)dz

<My(E A D)+ My(E ND,)<2My(E\])

by Lemma 4.8. It follows that | is a-negligible.
Theorem 4.11. Any set of zero length on a hypo-Liapunov arc is y-negligible.

Proof. Let F be a set of zero length on a hypo-Liapunov arc | whose tan-
gent we assume to oscillate less than 7,. Fix R > 0; as before we choose ],
and ], sothat A0, R)CD*. Let E be a compact subset of A(0, R).

Let f € B(E, 1), we assume [ extends to be a borel function on C, ||f| <1.
Let ](") be a sequence of arcs of {} contained in D, with ](") — J and

X(](”)) bounded. Since f is analytic outside E, we have

f]l f(z)dz fj(n) (z)dz

Similarly, U]z [(z)dz| <M (E N D,)+2IE N ]J,). We have

< lim sup +21(E)SM1V(E nDl)+21(E N ]0)

KE N Jg) = KE N JO\NF) <My (En J\F) < My (E\F)
by Lemma 4.9. Hence

20| ()] < .

f] [(z)dz f] [(2)dz|< (2M, + 4)y (E\ F)
1 2

which proves that F is y-negligible.

Finally we show that the estimate in Corollary 4.7 is valid for any simple
closed hypo-Liapunov arc, following the ideas of [14, Chapter 3, S11. If J isa
hypo-Liapunov curve of diameter 1 let Xx,(]J) be the quantity f(l) (w(2)/t) dt where
® is the modulus of continuity of the direction of the tangent to J. For any
hypo-Liapunov curve ], let xo(]) = xo(]') where J' is similar to ] with diam-
eter 1.

Theorem 4.12. Let | be a simple closed hypo-Liapunov curve bounding the
domain D, let E be a relatively closed subset of D, and let { € C(D) be analyt-
ic on D\E. Then |/ f(2)dz| < MyalE) ||f|| where M, depends only on X (]).

Proof. We may assume | has diameter 1. Topological considerations show
that we can find 0 <& < n,, depending only on X(J), so that if z € ] then
A(z, 8) N ] is an arc whose tangent oscillates by less than 7,. Then we can
find a curve J_ €Q, sothat Alz,8) N JCJ,, diam(],) <8, and the domain D,
bounded by ], contains A(z, 8) N D.

We construct the approximation scheme of $2 with discs of radius 8/2.
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Extend [ to be continuous on C, with compact support. Put fp = T¢> f. For

each k such that A, C D we have If] f(2)dz| =2 |/,;(°°)| <Ay(EnADI/-

For each k& such that Ak N D =@ we have f] /k(z)dz = 0. For each & such
that A, meets | we have A, CAlz,, 8) for some z, €]. Then

[NACEa ] | s

where M depends only on X(]z) < SXO(]), by Lemma 4.8. Putting these together
we obtain

<My (E n A/l

f] f(z)dz SZ fj [ (2) dz
k

by Theorem 2.7 of [7, Chapter 8].

Since 6 depends only on xo(]) the theorem follows. One can easily de-

< Mlf 1 (}: y(E n A,g) < COM, I/
k

duce an analogue of Lemma 4.9. We have the following corollary on semi-

additivity.
Corollary 4.13. Let D, ---, D, be disjoint domains bounded by hypo-
Liapunov arcs ] PTREER I Let E, be a closed subset of D,i=1,---,n

and let E = UE!.. Then

n
a(E)<M Y alE)
i=1
where M depends only on sup x(]z.),

We remark finally that our estimates could be proved for curves that are
piecewise hypo-Liapunov, provided the corners are not sharp. The methods
used by Vituskin in [15] to treat sharp corners in the Liapunov case do not
seem to carry over.

5. y as a set function. We consider first the problem of comparing y and
y*. The only examples where y(S) and y *(S) are known to be different are non-
borel sets; however, in the positive direction we can only prove the following
partial result for the special case where § is locally compact. So there is still a
large gap to be filled in.

If SCC we define
,By ($) = sup ;

lim zzf(z) : [ analytic outside a compact subset of §,
Z->00

I7 <1, and f(eo) = ["(e0) = Op.

Theorem 5.1. There is an absolute constant A >0 such that y*(§) < Ay(S)

for all locally compact sets S.
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Proof. Fix a locally compact set S, and let ¢>0. Let V be an open set
such that KN § is compact for every compact KC V. In V we construct the
modified approximation scheme of $3 (p=1). Let ¢>0. Foreach r=1,2, ...
choose a compact subset K, of Q such that K N $ =@ and such that

(a) if y(Q NSY£O0 then

y@\K)<2y(Q, n$) and B, Q\K)<28 (0, NS

(b) if y(@ N S)=0 then y(Q \K)<2 "¢

Let U= V\U K ; then U is openand U D S. Let [ be a bounded analytic
function on C\Q, where Q is a compact subset of U, and |/|| <1. Let f, =
T¢ {; then [ is analytic outside a compact subset of Q \ K, . Then for each r
such that y(Q N ) >0 we can find g, analytic off Qr N S such that g - f
has a triple zero at infinity and ||g, || < A;. For each r such that y(Q N $§)=0
let g =0; for such r I/" (e0)] < A12_'e.

Let g=/+ Er (gr - /r), the sum being taken over the (finite) set of r for
which [ is not identically zero. Using 3.1(b) we find ||g <A, and |g'(x) —
/()| <'e. Moreover, g is analytic outside a compact subset of S, which com-
pletes the proof.

Now we turn to the problem of semiadditivity, raised by VituSkin [14].

Conjecture (A). There exists an absolute constant M >0 such that

y(E U F) < M(y(E) + y(F)), whenever E and F are disjoint compact subsets
of C.

We show that a number of apparently stronger or weaker assertions are
actually equivalent to (A).

Theorem 5.2. Suppose (A) is false. Then for any € >0 we can find sub-
sets E and F of the unit square Q,, with E and E U F compact, y(E) =0
y(F)<e¢, and o(E U F)>%.

The proof will be broken up into lemmas.

Lemma 5.3. Suppose P and Q are disjoint compact sets with d(P, Q) =
and diam (P U Q)< 1. Then y(P U Q)< y(P) + A8~ %y (Q) where A is an
absolute constant.

Proof. Let f € B(P U Q, 1). Choose a continuously differentiable function
¢ with ¢ =1 on a neighborhood of Q, ¢ =0 on a neighborhood of P, ||grad ¢||
<A,/8, and diam(supp¢) < 2. Put

fy=Tgf€BQ, A,/8); [, =[~Ty,[€BP, A,/

Since d(P, Q) =8, on P we have |/l| < A23—2y(Q) and so |/2| <1+ A23—2y(Q)
on P, and hence everywhere. Hence |f, ()] <y (P)(1 + A23—2 y(Q)) and
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17'(e0)] < (1 + 4,872y (Q)y(P) + 4,87 'y (Q) <y (P) + A5~ 2%y (Q)
which proves the lemma.

Lemma 5.4. Let Q be the closed unit square, n a positive integer, and
divide Q into n? equal squares {Qij}?.j=l of side 1/n. Let K be a subset of
Qg with y(K)<1/n. Let Kij be the image of K under the natural contraction
and translation map of Q, onto Q,;+ Let K* =U?,j=1 K- Then y(K*) >

Ony(K) where 6 >0 is an absolute constant.

Proof. Let f;j € BLK;, 1) with /;j(oo) = y(Kij) =2 ly(K). Let f=
2’1."'].=1 /ij’ so f'() = ny(K) and f is analytic off K*. Fix z € Q,; then for at
most 9 pairs (i, ;) we have d(z, Kl.].) < 1/n, and for these |/l.].(z)| <1. For each
r>2, at most (2r + 1) pairs (i, /) satisfy d(z, Kij) <t/m if dz, Kz.j) >7/n,
r> 1, then |f,.(2)] < r~1y(K). Thus we obtain

n (2r + 1)2 = (2r - 1)?
|/(Z)‘SZI/U(Z)|59+ Z( ! r—i }’(K)st
i,7 r=2

since y(K) <1/n. So y(K*) > (n/25)y (K).

Lemma 5.5. Let Q be a finite union of nonoverlapping closed squares whose
sides have rational length. Let ¢, 0> 0. Let f € C(Q,1). Then we can find
1 >0 and a subdivision of Q into squares Q, ... Q, of side n such that if we
choose any compact set K. C Q? with y(Ki) >an for i=1, ... n, then, putting
K=U7_, K;, we can find g € C(K, 1) with ||g—-[|<e.

Proof. Let & > 0 and construct {¢,} and {Akf as in §2. Choose 7 < 8
such that Q can be divided into squares of side 7. Reducing & if necessary we
may assume 6/2 <7 <8. Put fi = T¢’k /- Then f, =0 if A, does not meet Q;
for those k such that A, meets Q we choose i, so that Qik meets A,. Then
choose b, € C(Kl.k, 2) such that b,(=) = ay, and put

f, ()b 1 f; ()
PRl (/1:(“) k

" 0o b2'
an a2n? an e )> k

Then g, has the same first two Laurent coefficients as f and |lg.ll <
Ala_z "/k” Moreover, g, is analytic outside Alz,, 39).

Put g = Ek 8y the sum being taken over those & for which Q meets Ak’
Then g is continuous on C, analytic outside K, and I/ - gll <
Aza"z sup, [|f,]l- Since / is continuous, by choosing & small enough we can
ensure Azoc'2 sup, ||/, |l <e.which proves the lemma.

Lemma 5.6. If (A) is false then for any € >0 we can find compact subsets



428 A. M. DAVIE [September

E and F of Q, with ENF=0,y(E)<¢ y(F)<e¢ and y(E UF)>0/2. (0 as
in Lemma 5.4.) We can assume E and F are unions of nonoverlapping squares

with rational sides.

Proof. Let P and R be disjoint compact subsets of Qg. Choose 7 so that
'>y(PUR) > (n+ 1)~!. Divide Q, into n’ equal squares and form P* and
R* from P and R as we formed K* from K in Lemma 5.4. Then y(P*U R*)Z
[n/(n +1)16>6/2 by Lemma 2.

By Vituskin’s extension of Melnikov’s theorem [14, Chapter 3, $1], y (P*) <
Any(P) and y(R™) < Any(R) where A is an absolute constant. If (A) is false~
we could have chosen P and R so that y(P U R) > Aet (y(P) + y(R)) so that
HP*) < Any(P) <€ and y(R*) <e.

Let U and V be disjoint neighborhoods of P* and Q* in Qf with (V) <e
and y(V)<e. Then choose E and F with P*CECU and Q*CF CV.

Proof of Theorem 5.2. Choose f, € C(Q,, 1) with f; (=) >%. We construct
by induction on n sequences {f }”_ of functions and {E }, {F }°_ of sets such
that E_and F_ are compact and disjoint; F,CF ,sELUF, g_Qg; Em{1 U
F, . CE; ,n>1 y(E ) <27 y(F )<e; [, €C(E UF 5, -11<
257 172 (o) > .

Induction step (initial step is similar). Assume E,, F,, [, have been con-
structed for k< n, satisfying the above conditions. Apply Lemma 5.5 with Q =
E,UF , f=[,a=0/2,and e=min(27", |f! ()| = %). Let N be the number of
squares of side 7 into which E, is thereby divided. By Lemma 4 we can find
disjoint compact subsets E and F of QO, each a union of nonoverlapping squares
with rational sides, such that y(E) <1/(27* 4 N17)

(F)< (e~ y(F, N, F, )2/(A LAND),

and y(E v F) > 0/2 where A is the constant of Lemma 1 and A, is the constant
in the Melnikov estimate for a square. We map Q, onto each square of the sub-
division of E  in the natural way and denote the unions of the images of E and F
respectively by E* and F*. Define En+1 = E* and F.oa=F,u F*. Then
y(E, )< 2"~! and by Lemma 5.3 y(F,.) <e. By the conclusion of Lemma 5.5
we can find f ., € C(E_,, U Fl 4, 1) with ||/, =/ || <min(277, |f"z (e0)| = ¥%)
which implies |/r'l +1(=)| >%. This completes the induction.

Now set E = 2 E,and F= Un F,_,sothat EUF = nn(En U Fn).
The sequence [ converges uniformly to a limit fe C(E UF, 1) satisfying
|/'(e0)| > %, whence a(E y F) >%. Since y(En) — 0 we have y(E) =0. Finally,
since any compact subset of F is contained in F_ for some 7, we have y(F) <
sup, y(Fn) < €. The theorem is proved.

Theorem 5.7. Suppose (A) is false. Then we can [ind sets E and F with
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y*E) =0, y*(F) =0, but a(E U F)>0.

Proof. We construct by induction on 7 sets E , F, and functions /, satisfying:
E_ is compact; F  is a countable union of disjoint compact sets, each a figite
union of nonoverlapping squares, clustering only on E wE,C E, .S E, UF ;

F ,CF . Y(E, ) =0; y*(E )<27" [ €eC(E_UF_, 1) lf,l,(”)| >
ll/,,+1 . <2t

We obtain E, and F; by Theorem 5.2.

Induction step. Suppose [ Ep F,, constructed. Let V be a neighborhood
of E_ so that y(V) < 2=771 and av n F, = @. By the method of proof of
Theorem 5.2 we can find disjoint subsets P and Q of F \V such that P is

compact, Q is a countable union of compact sets, each a finite union of nonover-
lapping squares, clustering only on P, such that y(P) =0, y*(Q) is small, and
there exists [ 4, € cPu Q0 U(F nV)UE , 1) with |/;(°°)| >Y% and
I/, =1, <2=7=1. Put E__, =E UP;F_ 1=(Fﬂ NVYuQ. If y¥Q) is
small enough then y*(F <27 w1 by Lemma 5.3, so the induction is complete.

Now set E = U E, and F = n F . Clearly y*(F)=0. Let f= lim/ €
C(E U F, 1). (Note that EuF-= n (E uF ) is compact.) Then |/’ (oo)] > %
so a(E U F)<Y%. It remains to show y*(E) = 0.

Let ¢>0. We construct by induction open sets U,, U,, - .- such that En C
U, y,))<e, U C U,,-and 0U N F_=@. For the induction step, suppose
U, has been constructed. Since dU, NF_=0,dU_, E_ \U )>0. Applying
Lemma 5.3 we can then find a neighborhood. Vof E, \U w1th VNOuU,=9
and y(V u U,) <e. Shrinking V if necessary we may assume 9V N F .=0.
Then U ., =V U U, satisfies the requirements and the induction is complete.

Put U= LJ’2 U,, then E C U and since each compact subset of U is con-
tained in some U , y(U)<e. Thus y*(E) < ¢ and since ¢ is arbitrary, y *(E) = 0

Theorem 5.8. Suppose (A) is true. Then there is an absolute constant M

such that y(E U F) < My (E) + y(F)) whenever E is a compact set and F any
set.

Proof. We may assume that E U F is compact. Let ¢> 0. We can find a
neighborhood U of E, bounded by finitely many smooth curves, with y(U) < y(E)
+¢€ Let fe BLE UF,1). We can find 8> 0 such that for each z € 9U, Az, §)

N U contains a compact connected set with diameter > 8/2, whence y{(A(z, 8) N U)
> 8/8. Hence for all z € C, AA(z, 8) N (E U F)) < 8y(A(z, 28) n (U u FI\IU)).
We apply Corollary 2.2 with A, being the functions analytic on C\(E UF) and

A, the functions analytic off a compact subset of U U (F\&U), and find g analyt-

ic off a compact set K C U U (F\AU) with g'(w) = f'(=) and | g < A, an abso-
lute constant.
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Thus
If' ()] <Ay (K) < AM,(y(K NU) +y(K A (F\U)) < AM, (y(U) + y (F)

where M, is the constant of (A). Thus y(E U F) < AM,(y(E) + y(F) + ¢); letting
¢ — 0 yields the theorem.

Finally we relate the semiadditivity problem for y to that for a.

Theorem 5.9. (A) is equivalent to the following: (A), There exists an
absolute constant M >0 such that o(E U F) < M(a(E) + o(F)) whenever E and

F are disjoint compact sets.

We first prove a lemma. Recall the definition of B,y at the beginning of this

section; 3, is defined analogously.

a

Lemma 5.10. Let A be a disc of radius r. Let A and p be positive num-
bers with A<r and A? <p<Ar. Then we can find compact subsets S and T
of A such that

ATh ATy (<4, AT < IB () <4, als)=0;
ATl <ala(m <A, ATl <pTIB(T) < A,
where A > 0 is an absolute constant.

Proof. For S we can take two parallel line segments of length A separated
by a distance p/A. For T we can take a small compact neighborhood of S.

Proof of theorem. First assume (A). Let E and F be disjoint compact sets
and let 8 <%d(E, F). With this 8 we construct the approximation scheme of §2,
in such a way that Alz,, 8/5) does not meet Az,,8) = A, for i # k. Foreach k
such that A, meets E choose compact E C Alz,, 8/5) such that

AT'a(E nA) <y(E}) <A a(E NA))

and Ai'l,Ba(E N Ak)f,@y(E:) <AB,E NnA,) using the lemma. Let E* =
U, E¥ and define F* similarly. Then E* NA, =E} and F*N A, = F}.

Given f € C(E, 1) we form f, = T¢kf and using the above estimates
choose g, € B(E:, A3) with the same first two Laurent coefficients as f. Then
g=2g, € B(E*, A,) by the usual estimates, and since g'(o0) = f'(e0) we obtain
a(E) < A4y(E*). The argument works in reverse, starting with g € B(E*, 1) we
can find [ € C(E, A,) with f'(e0) = g'(). Hence

A7'a(B) <y (E®) < A,alE)
and similar estimates hold for F and E U F. Together with (A) this yields (A),.

A complétely analogous argument with a and y interchanged shows that
(a), = (4).

We can summarize the results of this section as follows.



1972] ANALYTIC CAPACITY AND APPROXIMATION PROBLEMS 431

Theorem 5.11. The following conjectures are equivalent.

(1) If E and F are any sets with y*(E) =0 and y*(F) =0 then
alE UF)=0

(2) There is a constant M such that if E is compact and y(E) =0 then
oalE U F)< My(F) for all F.

(3) If E is compact and y(E) =0 then y(E U F) =y(F) for all sets F.

(4) If E is compact and y(E) =0 then E is y-negligible.

(5) There is an absolute constant M with y(E U F) < M(y (E) + y (F)) when-
ever E and F are compact and disjoint.

(6) There is an absolute constant M with y(E U F) < M(y(E) + y *(F)) for
all sets E and F.

(7) There is an absolute constant M with a(E U F) < M(a(E) + a(F)) when-
ever E and F are compact and disjoint.

Proof. The only step which has not been already covered is (2) => (3). To
prove (3) we may assume that E U F is compact. Let A, be the set of func-
tions in A analytic off E U F, and A, those analytic off E. Then (2) implies
YA, )< MyA () for all sets S, so that by Corollary 2.2 for any [ € A| we can
fmd a sequence {f } in A, with [/, | <M, lIfll, /, — / pointwise on C\(E U F).
Then by [9, Theorem 6.7], it follows that one can actually find such a sequence
with ll/n“ < |If I, which yields (3).

6. A special case—Dirichlet algebras. An important special case of the
problem of bounded approximation by A(U) or R(K) occurs when each component
of U or K° is simply connected. In this case it is known that A(U) is bounded-
ly pointwise dense in H*(U) if and only if A(U) is a Dirichlet algebra on dU
(i.e. every continuous real-valued function on dU is a uniform limit on U of
real parts of functions in A(U)) and a necessary and sufficient condition can be
given in terms of the boundary values of conformal maps of the disc onto the com-
ponents of U (see [9], [2], [18]). Likewise R(K) is a Dirichlet algebra on JK if
and only if R(OK) = C(dK), C\ K° is connected, and R(K) is boundedly pointwise
dense in H®(K®).

In this case the capacity conditions assume a special form since we know
that if U has connected complement and z € dU then Alz, 8)\ U contains a com-
pact set of diameter > 98, if & is small enough, and hence y(A(z, S\ V) is com-
parable with 8. The aim of this section is to establish that sets with zero
Y -dimensional Hausdorff measure satisfy a negligibility condition which is
applicable to these capacity conditions, and to deduce criteria for A(U) or R(K)
to be Dirichlet algebras. The proof of the main result (Theorem 6.1) is rather
circuitous and it seems reasonable to expect that a direct proof can be found. It
also seems likely that the dimension % could be improved, possibly by replacing

Y by 1. This question is discussed at the end of the section and is also related to $7.
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Theorem 6.1. There exist positive absolute constants €, and 8 such that

if K is a compact connected set with diameter 1 and {A } is a sequence of open
sets with radii {r.} such that X, r/z < €, then y(K\L)oo A)>3,.

Proof. We split the proof up into 3 steps.

Step 1. Assuming the theorem false we construct an arc | of diameter 1, a
compact subset F of ]| with zero %-dimensional Hausdorff measure, and a
bounded open set V C C such that V N | = ]\F C\V is connected, each
component of V meets [, each point of C\] has a nelghbothood meeting at most
one component of V,and y(V) <},

Step 2. Assuming the conclusion of Step 1 and writing K = $2\ 'V we show
that each point y of K° has a unique representing measure on 9K for R(K)
(i.e. a positive measure p on 9K such that f(y) = [fdu, f € R(K)). The proof
goes by analyzing the logarithmic potential of p.

Step 3. Via the theory of abstract Hardy spaces, one deduces from Step 2
that R(K) is boundedly pointwise dense in H™ (K®), which contradicts y (V) <Y%.

We now give the details of each step.

Step 1. Assume the theorem is false. Let ¢, >0 be given. Then we can
find a compact connected set K with diam(K) = 1, and discs A, «--, An with
radii ry, +++, r_ such that 2;’___1 rlz./2 <€ but y(K\U;’zl Ai) <é&. Let V be an
open neighborhood of K\U:?:1 A, with y(V)<8. Lee W=V ulJ?_ A
Since W is an open set containing K we can find a polygonal arc | of diameter
1 contained in W, and we may assume that | N A, is an arc J; of length
< 2r, for each i. Since ]\U J; €V we have y(]\U ])<8 Let z; and z,
be two points of | with |z, - z,| =1 such that any two points of the subarc
with endpoints z, and z, have distance < 1. Replacing | by this subarc we

may assume also that | lies in the set
Y(z,, z,) = {{: max (1€ -z,1, I€-2,1) < =) - z, |}

Now let 8 > 0 be fixed. Using the above we construct by induction on 7 a
sequence {J"} of polygonal arcs with diam(J”) = 1, and for each 7 a set
{J7 -+« I} of open subarcs of J” with disjoint closures, open neighborhoods
W? of ]" for i=1,...,r ,and an open neighborhood V_ of the interior of r,
where "= "\U i1 ]’l.’, satisfying the following conditions:

(1) I" C C I"+l,

@ W AW =g, i,

+ .
(3) W;z 1 EUZ;?ZI W?, j= 1, ..., Tpt1)
) =7 (diam W) <277
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) Vn < Vn"'l;

©) y(v )< (=278,

@DV, A=

(8) each component of V  meets |J";

9) C\ V, is connected.

Induction step. Suppose ], etc. have been constructed. Fix i with 1 <
i<, and choose open arcs o, «.., 0, C ]" with disjoint closures such that
(a) each endpoint of 7 lies in Up -1 ., (b) each corner of J7 lies in
Uf=1 0;,and (c) Zf IO % < 2= n=2 ;1. Let K, ++, K be the components
of ]:’\L}f=1 0;. Theneach K_ is a closed line segment. For s =1,

. L . q
can find disjoint closed intervals [af, 571%, in order on K_ such that a} and

., T We

b; are the endpoints of K_ Y(us bs) lies in W(") and meets no other K_,
S

218 - asl/ <2~ "'Z(rr )~!, and all sets Y(a;, b7) are disjoint.
We now apply the first paragraph to each [as b; ] to find a polygonal arc
]S with endpoints a and bs lying in Y(a bt) and subarcs {] } ] with

t,m’'m=1
Y% —n- 2 -1
ml-’t,m| <2 (rn) and

~ ~
W(TI\UT,,) <069 g 27
where pts is the distance from [a‘:, bls] to the nearest similar interval, and A is
the constant of Lemma 5.3.
We do this constructlon foreach i=1,...,r . Then we define ]"+l by
replacing [a bs] by ] in J” forall ¢ and s, for each i. The arcs ];’H are
all the arcs o ... 0, all the components of sets K \U o bts], and all

interiors of arcs ]z » Obtained in this construction. Then
A —
S S
In+1 =I,, v H(]l \LmJ]t.m

We have 2:;’;1 (diam (]:'ﬂ))‘/’ <277=! and using Lemma 5.3, y(v, u (Inﬂ\ln))
<(1 -27™3. Then it is clear that V 4, and W:’H can be chosen to satisfy
(1)-(9). The induction is complete. -
Now set [ =M (v (U2 W), F= N (U7, W), and V =
Un V. Then (1)—(4) imply that | is an arc. (4) implies that F has zero %-
dimensional measure and (6) that y (V) < 8. By (8) each component of V meets
I,by() Jn V= ]\F, and by (9) C\V is connected, so Step 1 is complete.
Step 2. Let K = s2\ V; we have to show that each point of K°® has unique
representing measure for R(K) on dK. We make a conformal transformation of the

sphere which sends K into the disc {|z| < }; we use the same notation K, V, |
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for the transformed sets. Let g € K°, and let p be a representing measure on 9K
for g. Let

P#(z) =f log du({), =z eC;

C l
P  is an extended real-valued superharmonic function on C. Let g(z) = P (z) -
log (1/]z = y|), z € C\{y}. The fact that p is a representing measure for y
means that g is a constant on each component of V; we shall show that actually
g=0on V.

Let J,, J,, - -- be the components of ]\ F; each ], is contained in a com-
ponent of V, so g is a constant, say A, on J.. Toprove g =0 on V it suffices
to show each A, =0, since each component of V meets ]J. We fix two compo-

nents J,, J,. Before completing the proof we prove two lemmas.

Lemma A. Suppose 0 < B<a<l1,e= (aﬁ)%/(a% B, and 0< x< 1. Let

f/S log —1 dr.

|
Then 1< logx~'(l +ea™%) ¢ Zea"l’ .

Proof. By direct calculation (assuming x £ a or B

% Y
1 -
I=log=(1 +ea™") 1+ e(B " log —x% log |~ +B >
x |x— | %_B%
% %
+ca’%log|x-a|+x'%log r+a >
x% ¥

1 -
= log - (1 +ea™") 4 T, + T,, say.

Expanding T, as a power series in (8/x)” or (x/B)* according as x > f8 or
x < we find T <0. Similarly we find T, < 2ea™” which proves the lemma.
Now put p = d(y, dK) and fix o < min(p/4, % diam J,).

Lemma B. There is a positive constant A such that if 0< B<aand €=

1 1, 1
@B /(a* - B*), and z € C with d(z, IK) < p/4, then we can find r, with B <
r<a, such that for all { with |{ - z| =r, we have

Q)<+ ea=%)glz) + Ae.

Proof. Suppose that for all 7 with 8 < r<a we can find { with |{ - z| =7
and g(¢)> (1 +ea~")g(z) + Ae. For such ¢ we have
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L
1€~ 5]

P#(€)2(1+ea—%)P#(z)—ea% log + Ae - |log

- log

Z-y |z - |

-y : -
>(1 +ea )P’u(z)-ea/’ logp~™! + Ae - 2r/p.

Hence

flog ”dp(w) > flog T3 ldﬂ(w)

>(1 + ea-/’)P#(z) —ea™? logp™! + Ae - 21 /p,
for B < r<a, which implies

B € 1
log du(w)dr
fa fzra/z P

> (1 +ea™)P, @)+60‘-a'%logp'W-f;ep'la'%dn

By Lemma A the left side is > (1 + ea'/)P (2) + 2ca™" whence 2ea™” >
(A —a"logp~!) - 2£p'l(aA B”) which is a contradiction if
A>a”Q2 +1ogp~1) +2a"%/p.
Lemma B is proved.
Now we complete Step 2. Let >0, and covet F by discs Al' e, An

where A, = A(z;, 8)), such that 27_, (25 )/2 <a” 1. Choose x; € A so that
g(x )= mfA g (thxs is possible since g is lower sem1contmuous) Let B; =
2, and A Alx,, B,)2 A, By Lemma B we can find r, with B, <7, <a so that

(x) g) < +a™"g)gle ) + An,

for el ={{: |{ - x| =7}, where 7, = a%,Bi./’/(al/’ - B;./’) (so that Zp, < 27).
Fix a direction on | so that J; precedes J,. We construct inductively a
finite sequence w,, +++, w, of points in order on ] as follows: let ¢, be the
last endpoint of ]; then 4’1 € Ai, for some i;. Let w, be the last point of
. nj.
i1
For the inductive step, suppose w  found, m>1. If w € ], the con-

struction terminates, and k=m. If w_ € F then w_ €A, for some i__, and
m m Im+l m+

then we take w_ , to be the last point in | N r, Finally, if w_ € ], for

m+l°

some i£ z let {' be the last endpoint of ] so ' € A'm+l for some im+l’

and then take w,_, to be the last point in J N T, L
m+
Since 7, <a <’ diam(],), for some k we have w, € J,, so the construc-

tion terminates. Moreover, 7, £ i for m#£ 1,1 <m, lg k. Recalling that g =A,

on ], we have g(xl.m +1) < glw,), so that by ()
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%

g(wm.,.l)S(l +a- nim+l)g(wm)+ATlim+l

and gw,) <1 +a™% 77:‘1)'\1 + A7, . Recalling that Zp, < 27, it follows that if 7

were chosen small enough,

Ay =glw,) <A+ 3a™"%n) + 347,

Letting 7 — 0 we obtain A, <A; similarly, A; <A,, so A, =A,, whence all the
/\]. are equal. Thus g is constant on V and since g tends to zero at infinity we
must have g=0 on V.
It now follows as in [3, p. 377, last paragraph of Lemma 5.6], that if A is any
other representing measure then P = P), whence p = A. This completes Step 2.
Step3. Let y € K® and let A be harmonic measure for y on dK which we
now know is the unique representing measure for y. If P is the Gleason part of
R(K) containing y then P D K°; moreover, by Theorem VIL7.2 of [7] there is
F € H®(\) (the weak-star closure of R(K) in L%(A)) such that |F| =1 and F
maps P (1-1) onto the unit disc, and F~lis analytic. Hence P must be open,
sothat P= K and F maps K° conformally onto A. Composing with a conformal map-
ping of the disc we may assume F() = 0; since diam(C\ K°) = 1 we have |F ()| >Y%.
By Theorem VL5.2 of [7] there is a sequence {f } in R(K) with |f || <1 and
f, — F pointwise on K® so that /7,1 (00) — F'(e). We may assume f, is ana-
lytic outside a compact subset of V, whence y(V)>J. This is a contradiction if
d is chosen less than %, and the proof of Theorem 6.1 is complete.

The following corollary is immediate.

Corollary 6.2. Let K be a compact connected set, and E a subset of K with
zero Y-dimensional outer Hausdorff measure. Then y(K\ E)> SOy(K).

Combining this with the results of $4 we obtain the following result.

Theorem 6.3. Let U be a bounded open plane set with connected complement.
Let E be a subset of U with zero Y%-dimensional outer measure and {E_} a
sequence of subsets of AU each of which lies on.a hypo-Liapunov arc and has
zero length. Suppose that for each z € OUNE y (U ) E)), we can find m, 1,
8y >0 such that

y(AG, O\ V) < malAlz, rO\U),  0<8<8,.
Then A(U) is a Dirichlet algebra on JU.
Proof. Let [ € H®(U) with |f|| = 1. First we apply Corollary 2.2 with A| =
{feAy: fIU e H(U)} and A, ={f € A|: [ is analytic on a neighborhood of E}.
The hypothesis is satisfied in view of Corollary 6.2. Then we can find {/ } in

A, with "/n“ <M and / — f pointwise on U. By Theorem 4.1 each f, is the

pointwise limit on U of a sequence in A(U) bounded by M; consequently, A(U)
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is pointwise boundedly dense in H™(U). It then follows from [2, §2], that A(U)
is a Dirichlet algebra on dU,

In the same way one can prove the analogous result for R(K).

Theorem 6.4. Let K be a compact subset of C such that C\K°® is con-
nected, and suppose that for each z € K\ (E U (Un En)), where E and E

are as in Theorem 6.3, we can find m, r, 8, > 0 such that
a(Alz, N\ K®) < ma(Alz, r&)\K), 0<8<8,.
Then R(K) is a Dirichlet algebra on dK.

The last hypothesis is satisfied if each z € K\(E U (U, E)) lies on
the boundary of some component of C\ K. In this case, if moreover E_ =@, it is
possible to prove the theorem without using Vituskin’s techniques, by refining
the arguments of Steps 2 and 3 in the proof of Theorem 6.1. If E is compact
the construction in §5 of [3] suffices, with Lemma 5.2 replaced by our Lemma A.
In the general case the proof is complicated by the fact that one needs an infinite
covering of discs.

It is natural to ask whether Corollary 6.2 holds if E is assumed merely to
have zero one-dimensional outer measure—this would of course follow if any of
the equivalent conjectures of $5 hold. The proof of Step 1 in Theorem 6.1 with
obvious modifications shows that this is equivalent to each of the following two
conjectures:

(1) One can find € and & > 0 such that if K is a compact connected set

with diameter 1, and A, ..., A are open discs the sum of whose radii is less

y<1<\<ll_) Al.» > 8.

(2) One can find 6 > 0 so that if | is an arc with diameter 1, and E is a

than €, then

compact subset of | with zero one-dimensional measure, then y(]\ E)> 4.
A slightly weaker conjecture than the above is Denjoy’s conjecture, which

we consider next.

7. Denjoy’s conjecture. Denjoy’s conjecture is concerned with the connec-
tion between one-dimensional measure and analytic capacity. It is elementary
that sets of zero one-dimensional measure have zero analytic capacity; on the
other hand VituSkin [16] has given an example of a compact set E with positive
one-dimensional measure but with y(E) = 0 (a simpler example has been given by
Garnett [S]). The problem, raised by Denjoy [4], is: suppose E lies on a
rectifiable arc and has positive length. Must then y(E) > 0? The best positive

result [11] (see also [6]) assumes that | satisfies a smoothness condition some-
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what stronger than continuous differentiability. We show that to prove the con-
jecture it suffices to prove it for continuously differentiable arcs, and we give an
equivalent formulation in terms of rational approximation.

Before stating the result we need a definition. If ¢ >0 we say a set § is
¢-angled if whenever z, £z, and w, # w, are points of S the angle between the
straight line through w, and w, and the straight line through z, and z, is less

than €.

Theorem 7.1. The following four conjectures are equivalent.

(1) If ] is a rectifiable arc and E is a compact subset of | with positive
length, then y(E) > 0.

(2) As in (1) except that | is continuously differentiable.

(3) One can find €, and 8, >0 such that if | is an €-angled arc of diameter
1and J,---, ], are subarcs with U] )<e, then y(]\U;‘=1‘ J)> 8.

(4) Let ], and ], be continuously differentiable ]ordan curves bounding
the domains D| and D, respectively, such that Dy N D, =@ and |, n ], has
zero length. Let K=D, U D,. Then R(K) = A(K).

Proof. We prove (1) = (2) = (3) => (1) and (3) < (4).

(4) => (3). Suppose (3) is false. Imitating the construction in Step 1 of
Theorem 6.1, except that we use continuously differentiable instead of polygonal
arcs, and require that each arc ];’ be 27 "-angled, we can construct a continuous-
ly differentiable arc | with diameter 1 and a compact subset E C ] of zero
length with y(V) <& for some open set V D ]\ E, where 0 is any preassigned
positive number. We can find continuously differentiable simple closed curves
J, and ], bounding disjoint domains D; and D, suchthat ]y n J,=]n J; =
] nJ, = E and such that each bounded complementary domain of K = D,u D,
lies in V. Assuming (4) we have R(K) = A(K), and since dK is connected it
follows by [7, Chapter 8, Theorem 8.2] that y(8(z, p\K) > cp, z € K, where ¢
is an absolute constant. This is a contradiction if 0 is small enough, so
(4) = (3).

(2) => (3). Again suppose (3) is false. By a construction similar to that
used in Theorem 6.1, Step 1, we construct inductively a sequence {]n} of arcs
of form | ={(x, y): 0<x <1, y=/f (x)} where {_is a real continuously differ-
entiable function on [0, 1], and for each 7 a partition J,=1,U K, where J_
is a finite union of disjoint closed arcs, K is a finite union of disjoint open
arcs,and I, N K =@, with the following properties: I/, =l <2775
"/,’, - /,I, +lﬂ< 27" K CK L K1) >%:; there is an open neighborhood V = of
I with y(V )<27" and V D1 for r>n

Then f, — f and | = {(x, y): y = f(x)} is a continuously differentiable arc.
Put E = limI_C 'V ; then XE)>% but y(E)=0 which contradicts (2).
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(1) => (2) is trivial.

(3) => (1). Let ] be a rectifiable arc and E a compact set of positive length
on J. Let s denote arc length along J; parametrise | by ] = {(¢(s), y(s)),
0<s<I}. Then ¢ and ¢ are differentiable almost everywhere, and so by
Egoroff’s theorem one can find a subset E; CE of positive length such that
(p(s + 8) - (s))/8 — ¢'(s) as 85— 0, uniformly for (¢(s), Y(s)) € E, and
similarly for . Then one can find a compact € -angled subset E of E, with
KE () > 0. To each open subarc I of | whose endpoints are both in E we
associate the line segment I’ joining these two points; the union of E, with
all such segments is an € -angled arc J'. Let z be a density point for E, with
respect to arc length on J'. Then if J"is a sufficiently small subarc of J'
containing z we have /(] "\Eo)/l(] ")< €,, so that by (3) any neighborhood U
of ]" N E has y(U) > 8,(]"), whence y(E) > 8,/(S") > 0 as required.

(3) => (4). Ve can find a continuously differentiable arc | such that | n K
=J;nJ, Let z€], N ], Wecanchoose p,>0 so that Az, po) nJ is
€y-angled. Then for p <p, (3) implies y(A(z, p) N ]) >8,p. Hence for each
z € dK, lim inf ,_,, p'ly(A(z, p) N ]) >0 whence R(K) = A(K) by Theorem 2.3.

8. a as a set function and wiform approximation. It is more difficult to
handle a than y because it does not obey any continuity condition from above.
For this reason we have been unable to obtain analogues of the results of $5.
We do show, however, that one version of semiadditivity of a is equivalent to a
general conjecture on uniform approximation. We have already seen the relevance
of semiadditivity of o when considering problems of uniform convergence when
the given function is continuous everywhere; in this section we approximate
functions which are continuous only on certain subsets.

Conjecture 8.1. Let U be a bounded open subset of C, E any bounded set.
Let { be a bounded borel function on C, analytic on U, continuous at each point
of E. Let ¢>0. Then we can find a bounded borel function g on C, analytic
on U, and continuous on a neighborbood of E, with ||f - g|| < e

Theorem 8.2. The following are equivalent.

(1) There is an absolute constant M such that o(E U F) < M(a(E) + a(F))
whenever E is compact (and F arbitrary).

(2) 8.1 holds whenever E is compact.

Proof. (1) => (2). For any compact set T define

ye(T) = sup{|f'(x)|:  is analytic on C\T,
continuous at each point of E, ||/| <1},

and
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;E(T) = supi|f'(=)|: / is analytic on C\ T,
continuous on a neighborhood of E, ||f{| < 1}.

By Lemma 2.1 and note (1) following it suffices to show that for all compact T,
yE(T)S A')\;E(T), where A is an absolute constant. We may assume E C T.

Let A be an open disc containing T and set V = A\E. In V we construct
the modified approximation scheme of §3 with p = 1. We denote by Q,; the open
square of center z, and side 0,/3, so that Q,: N Q, =@ for k#r (Proposition
3.1(3)). By Lemma 5.10 we can find for each k& a compact set Tk C Q,; such
that

Al—ly(Qk NT)<alT)<Ay(Q, NnT)
and
AT, (Q, NTY<BLT) <A B, (Q, N T

where A, is an absolute constant. (Take T, =0 if y(Q, N T)=0.) Let
*_Eu (Uk Tk)’ a compact set,

Now let { be analytic on C\ T, continuous at each point of T, with i <1
Let /, = T¢‘k / and choose g, € C(Tk' Az) with the same first two Laurent coef-
ficients as /,. Let g=[+ Ek (gle - fk); it follows easily from Proposition
3.1(6) that g is continuous at each point of E, hence g € c(T*, A3). Moreover,
g'(c0) = ['(). Now we invoke (1) with F = Uk Tk and deduce that either we can
find g € C(E, 2MA 3’) or we can find g € C(K, 2MA3) where KC Uk T, is com-
pact, with g"(oo) = /'(00). In the former case g s analytic off T so we obtain
|f'(°°)| < ZMA3’)\;E(T) In the latter case we consider each k for which g, =
T¢ g is nonzero (there are only finitely many) and observe that gk
C(Tk' MA,) (since 2, N (U T)- T,). Then we can find fk €B(Q, N T, MA))
with the same first two Lau:ent coeffxcxents as g,e

Put / =%+ 2 (fk gk) then "f | < <MA, and / is analytic outside T N
(a finite union of Qk s); in particular / is analytlc on E so |f'(e0)] < MAéyE(T)
in either case.

It follows that yE(T) < MAG;‘E(T), as required.

(2) => (1). We may assume E U F is compact. Let f € C(E U F, 1). We
choose an open disc ADE UF, set V= A\E, and do the modified approxima-
tion scheme in V. We choose compact sets S, C Ql; by Lemma 5.10, so that

-1
AT alQ, NF)<y(s,)<Aa(Q, n F),
with a similar inequality for By (Sk)' and so that a(Sk) =0. Let S=EU

(Uk Sk)° By the same arguments in (1) => (2), we find g € B(S, AZ), continuous
at each point of E, with g*() = f'(). Using (2) approximate g by ¥ €



1972] ANALYTIC CAPACITY AND APPROXIMATION PROBLEMS 441

B(S, A ,) with g “(00) = f'(e0) and & continuous on an open nexghborhood W of E. Since
a(s )_ 0 g must be analytic on W\E. Then we can find f €C(E UF, A )
w1th / "(00) = 8 '(o0) = f'(e0), where F, is a compact subset of F\E. Hence it
suffices to prove semiadditivity of a for disjoint compact sets.

In the case where a(E) = 0, we have 7 eC(F, A 3), so that a(E UF) <
A 3a(F), i.e. under the assumption (2) we obtain condition (2) of Theorem 5.11.
Then condition (7) of that theorem gives what we want.

Now we consider the general case of 8.1 and show that it suffices to have a

pointwise capacity condition on T.

Theorem 8.3. Let U and E be bounded sets with U open such that for each
z € E we can find m, r, 30> 0 with

yeA(z, O\NU) < my  (Az, rON\U),  0<8<8,.
Then U and E satisfy (8.1).

Proof. Let {en§ be a sequence of positive numbers tending to zero, to be
specified below. Let V  be an open neighborhood of E so that the oscillation
of [ at any point of V  is <¢ ; we assume V_,, CV . Let

—tz eV : ypalz, O\ U) <y (Alz, )\ V), 0<8<1/n}.

Then K is relatively closed in V , and E C Un K,

We construct by induction on 7 a sequence of open sets {Wn} such that
K,CW,_ CV,_, and a sequence of functions {/,} which are bounded on C, analytic
on U, such that / is continuous on E and on a neighborhood of the intersection
of E with a neighborhood of W n V_, for each 7 <7, and satisfies ||/’2 -
fporll < A(n)e , where A(n) depends only on n.

Induction step. Suppose W_and f have been constructed for r=1, ..., n
For some neighborhood W of Ur—l . /n is continuous on a neighborhood of
W N E. We construct the modified approximation scheme {Ok, qSk} of $3 in
V,,pin such a way that diam(Q ) <1/ 2n, the oscillation of f on Q, is less
than €, for each &, and any Qk wh.lch meets U Wl is contained in W (this can be
done by an appropriate choice of p). Put fx = T ¢, f, For each k suchthat Q, meets
Km_1 but is not contained in W we choose g, ,, analytic off A(zk, 2n3k), contin-
uous on a neighborhood of E, analytic on U, with the same first two Laurent
coefficients as f ,, and |lg | <A @) |/ |l <€,Am). Pue f =/ +
Z(gnk - [,4)» the sum being taken over all such k. By virtue of Proposition

3.1(6) the series converges uniformly on compact subsets of V and pointwise

n+l
on C, and

1) = 1D < Dlg, &) - [, ()] < Almde,, = €C.
k
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Then each point of U?:l (-V_/r s Vr) has a neighborhood which meets no Q, in-
volved in this sum, so [ 4, is contingous in a neighborhood of the intersection of
E with some neighborhood of T (Wr N V,). Moreover, since f_,, is con-
tinuous on a neighborhood of the intersection of E with some neighborhood of
K, 41, we can choose a neighborhood W, ., of K ., sothat f ., is continuous
on a neighborhood of the intersection of E with some neighborhood of W ., N
V,. Finally each g , is continuous on E, hence sois [, ,, and everything is
analytic on U, hence so is f ;. The induction is complete.

If we choose ¢, < ¢/(2"A(n)), then f, — & say, uniformly on C,and g is
analytic on U, continuous on Un W, 2T,and || -gll <2, ¢,A, <e. The
theorem is proved.

By a completely analogous argument one can prove the following theorem

which extends results of Stray [12] and Gamelin and Garnett [10].

Theorem 8.4. Let U and E be bounded sets, U being open, and suppose
that for each z € E one can find m, r, 8, >0 with

ye@z, O\ < my(Alz, rO\(U U E)), 0<8<8,.

Let { be bounded on C, analytic on U, and continuous at each point of E. Let
€> 0. Then we can find g analytic in U and on a neighborhood of E, with

If =gl <e.

9. Approximation of Lipschitz functions. We now consider approximation of
continuous functions when we are given some information of the modulus of con-
tinuity. Let b(¢), t > 0, be a positive continuous increasing function with
fcl) h(t)/t* < =. The following theorem has also been proved by Garnett [6] by
different methods.

Theorem 9.1. Let T be a bounded subset of C with zero h-measure (i.e. for
any €>0 T can be covered by discs A, A,, -+ with radii |, 1), *++ such that
2 b(r,) <e). Let [ be a continuous function on C, analytic on a bounded open set,
such that the modulus of continuity w of [ satisfies (1) <t~ 1h(t), t>0. Let
e>0.

Then we can find a continuous function g on C, analytic on U and on a
neighborbhood of T, with ||f - gl <e.

Proof. Let p be a positive integer to be fixed below. Fix 7 >0. For n=
0,1, -.. we divide the plane into a lattice U’n of closed squares of side p™" in
the natural way (Un consists of all squares with sides parallel to the axes, with
side p~", whose vertices are of the form (rp™™, sp~™) where r and s are in-
tegers). We choose squares {0 17 _;, 0. ¢ U,y so that T C (U Qi)o and

1=
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2 Kp~") < 7. We may assume that for any square Q € 11", ZQ <0 Hp~ (D) <
b(p~™), for otherwise we can replace those Q, contained in Q by Q itself.

Let 51. be the open square with the same center asti and twice the side.
Let ¢, be continuously differentiable, with support in Q;, such that 0 < ¢, <1,
¢, =1 on a neighborhood of Q;, and [grad ¢,| < Alp"(i). Define ¢, =(1 - ¢;)

-(1-¢,_)p;. Then ¢, =1 on UJ Q,, the convergence being uniform on

each Q.. Moreover, if p is large enough, |grady/ || < A p"(i)

Let f; = Ty / We claim that the series E f; converges uniformly on C. To
see this let p be the measure obtained by spreadmg a mass h(p~ 7(D)) even! y
over Q. for each i. Then for z € C,

() (i b " Al
;@1 < A3p™ M) mia (1"1'_—)““ Jo, 20

z-z]

where z; is the center of Q. Hence

) o0
Z/(z)<A4f an f

where p = lel n Q;and ¢ () = un({é lé’— z| < r}) We have ¢ (r) <

min ([, [, A7), so
leall 40 o el
4<f° erHfll# K= r>

Z ()<
—Oas |p,ll —o0.

(r)

i=n

Since |p, |l — 0 as 7 — oo, we obtain uniform convergence. Moreover, since
e, | < Nlull < 7, we can make |27, 7,(2)| < e by making 7 small enough.

Put g=/- 21. f;~ Then g is continuous on C, analytic in U, and analytic
in a neighborhood of T since % ¢, =1 there. Since [f ~ g|| < ¢ the theorem is
proved.
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